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Abstract—This paper introduces a new approach for 
improving the fault diagnosis in induction motors under time-
varying conditions. A significant amount of published 
approaches in this field rely on representing the stator current 
in the time-frequency domain, and identifying the 
characteristic signatures that each type of fault generates in 
this domain. However, time-frequency transforms produce 
three-dimensional representations, very costly in terms of 
storage and processing resources. Moreover, the identification 
and evaluation of the fault components in the time-frequency 
plane requires a skilled staff or advanced pattern detection 
algorithms. The proposed methodology solves these problem by 
transforming the complex 3D spectrograms supplied by time-
frequency tools into simple 𝒙-𝒚 graphs, similar to conventional 
Fourier spectra. These graphs display a unique pattern for 
each type of fault, even under supply or load time-varying 
conditions, making easy and reliable the diagnostic decision 
even for non-skilled staff. Moreover, the resulting patterns can 
be condensed in a very small dataset, reducing greatly the 
storage or transmission requirements regarding to 
conventional spectrograms. The proposed method is an 
extension to nonstationary conditions of the harmonic order 
tracking approach (HOTA). It is introduced theoretically and 
validated experimentally using commercial induction motors 
feed through electronic converters. 
 
Index Terms— Induction machines, fault diagnosis, 
Hilbert transforms, Fourier transforms, condition 
monitoring, motor-current signature analysis, broken rotor 
bar detection, harmonic order tracking analysis, signal 
processing, transient time-frequency distributions. 
I. INTRODUCTION 
INCE the twentieth century to nowadays, induction 
motors (IMs) have been increasingly used in a larger 
number of applications, becoming key elements in the 
industrial installations. As they acquire greater 
importance, fault detection is essential to avoid 
unscheduled outages that would lead to huge economic 
losses. The most common faults in IMs, t h e i r  causes 
and effects are related along the scientific literature [1], [2]. 
The former techniques developed to detect these faults 
were based on vibration analysis [3], but motor current 
signature analysis (MCSA) [4], [5] has been increasingly 
used for fault diagnosis: each type of fault produces an 
amplitude modulation in the stator current, with a charac-  
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teristic frequency, which creates or amplifies harmonics 
sidebands around the supply frequency in the current 
energy spectrum. Table I shows the characteristic 
frequencies of the amplitude modulation (𝑓𝑓) and the 
sidebands in the stator current spectrum (𝑓𝑠𝑏) due to 
rotor broken bars [6] , [7] eccentricity [8], [9],  [10] and 
bearing faults [11],  [12],   
 
TABLE I 
FAULT F REQUENCIES 
Fault Amplitude modulation 
frequency 
Frequencies of sidebands 
in the current spectrum 
 𝑓𝑓 = 𝑘 · 𝑓𝑓1  𝑓𝑠𝑏 = 𝑓1 ± 𝑓𝑓 
Rotor Broken Bar 𝑓𝑓 = 𝑘 ⋅ 2𝑠𝑓1  𝑓𝑠𝑏 = 𝑓1 ± 𝑘 · 2𝑠𝑓1 
Mixed eccentricity 𝑓𝑓 = 𝑘 · 𝑓𝑟  𝑓𝑠𝑏 = 𝑓1 ± 𝑘 · 𝑓𝑟 
Bearing outer race 𝑓𝑓 = 𝑘 · 0.4𝑁𝑏𝑓𝑟  𝑓𝑠𝑏 = 𝑓1 ± 𝑘 · 0.4𝑁𝑏𝑓𝑟 
Bearing inner race 𝑓𝑓 = 𝑘 · 0.6𝑁𝑏𝑓𝑟  𝑓𝑠𝑏 = 𝑓1 ± 𝑘 · 0.6𝑁𝑏𝑓𝑟 
 
where 𝑘 = ±1, ±2, ±3, … , 𝑓1 is the supply frequency, 𝑓𝑓1 is 
the principal fault component of the series, 𝑓𝑟 is the 
frequency of rotation of the rotor, 𝑠 is the slip, and 𝑁𝑏 is the 
number of bearing balls. MCSA is a non-invasive technique, 
which requires just a single current sensor for acquiring the 
stator current signal, and a fast Fourier transform (FFT) for 
obtaining its energy spectrum, where the fault components 
can be detected at the frequencies given in Table I. 
However, MCSA also has an important drawback: it is only 
suitable for diagnosis of IMs working in steady state. In 
nonstationary conditions, where 𝑓1, 𝑓𝑟, and 𝑠 can change 
along time in the expressions of Table I, the FFT of the 
stator current is not able to display the characteristic peaks 
that reveal the presence of a given fault. Instead, other 
transforms based on time-frequency distributions (TFD) [6], 
such as the short time Fourier transform (STFT) [13], the 
wavelet transform (WT) [14], [15], the Wigner Ville 
distribution (WVD) [16] or the Gabor transform, [17], 
among others, have been used to track the fault harmonics 
given by Table I in the time-frequency plane. These 
methods can be regarded as an extension of MCSA to 
transient conditions, designated as transient MCSA 
(TMCSA).  
But TMCSA poses new challenges to the fault diagnosis 
of IMs. Fault patterns in the time-frequency (𝑡-𝑓) plane are 
much more complex than the single frequency peaks that 
appear in a steady state spectrum. Besides, in machines 
working under small and random time varying conditions –
as in the case of wind turbines– accurate information about 
the speed is required, because small slip variations produce 
different patterns in the time-frequency plane. Thus, the 
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maintenance staff must be trained in a huge number of fault 
patterns. To alleviate this problem, other techniques such as 
the instantaneous frequency (IF) have been proposed in [18] 
and [19]. Recent researches on diagnosis under 
nonstationary conditions are focused not only in reducing 
the number of patterns and representations, but also in 
facilitating the diagnostic procedure by presenting the 
results in a plot similar to the FFT spectrum, as in [20],  
using the polynomial phase transform, or in [21], using the 
fractional Fourier transform. Another methodology 
developed in recent years is based on the so called order 
tracking analysis technique; as explained in [22] this 
technique "is a frequency analysis method that uses 
multiples of the running speed (orders) instead of absolute 
frequencies (Hz) as the frequency base”. Conceptually these 
techniques obtain a spectrum which corresponds to a signal 
sampled at constant increments of the angular position of an 
axis instead of sampling at regular time intervals; it is 
effective for detection of mechanical failures in which 
disturbances are related to the angular position of an axis. 
Recently  techniques to obtain the spectrum in the angular 
domain, but based on signals sampled at regular time 
intervals are being developed (computed order tracking) as 
[23] where the static eccentricity is detected using the 
angular domain order tracking analysis (AD-OT), or [24], 
where the velocity synchronous Fourier transform (VSDFT) 
is applied to detect bearing faults. 
An alternative approach –the harmonic order tracking 
analysis (HOTA)– has been recently proposed in [25]; it 
proposes to re-scale the horizontal axis of the current spectra 
using a non-dimensional unit termed as generalized 
harmonic order (which is based on the harmonic order 𝑘 of 
the expressions of Table I). It is demonstrated that in this 
way the fault components always appear in the same 
position within the current spectrum, giving rise to a unique 
pattern for each type of fault, irrespectively of the supply 
frequency and load conditions. Besides, this signature is 
totally defined by a reduced amount of spectral components 
with integer harmonic order. Thus, it can be stored or 
transmitted using just a very small number of data. In [26] 
the HOTA approach was proposed and successfully tested 
as a suitable technique for fault diagnostic in wind 
generators.  Nevertheless, the HOTA method as proposed in 
[25], [26] is only suitable for induction machines working in 
steady state conditions, which makes this approach not 
suitable for many applications. A first step toward the 
application of HOTA in non-stationary conditions is 
proposed  in [27], where the  bases of transient HOTA 
methodology are introduced and applied to the diagnosis of 
rotor asymmetries through the sampling of rotor current in 
wound rotor induction machines (WRIM) working as 
generators connected to the network and undergone to slow 
speed variations. Nevertheless, the HOTA transient 
approach, as it is introduced in [27] is only feasible for 
wound rotor induction machines, since it only works 
suitably with low frequency signals (as the rotor currents) 
experiencing slow and limited variations. These 
characteristics make the method appropriate for diagnostic 
of wind generators using WRIM, but make it unsuitable for 
a huge amount of industrial applications based on cage 
motors working in non-stationary conditions.  
Unlike the previous commented works [25], [26], [27], 
this paper introduces for first time the transient HOTA 
methodology generalized for cage machines working under 
non-stationary conditions and supplied through variable 
speed drives, with different control strategies. Unlike [27], 
the approach is based on measuring stator currents (instead 
rotor currents), where the frequencies of the fault related 
components and of the main component are substantially 
greater than those the rotor currents. This fact makes 
necessary to introduce a pre-treatment of the stator currents 
before performing their 𝑡-𝑓 analysis in order to get a 
spectrogram with the required resolution. For this purpose, 
this paper introduces a new method of demodulation, which 
is based on expressing the stator current in the rotor 
reference frame; it is demonstrated that in the rotor reference 
frame the frequencies of all components of interest of the 
stator current appear affected by the slip, acquiring similar 
values than those obtained when rotor current was 
measured. An additional advantage of the approach 
introduced in this paper is that it just needs to know the rotor 
position in every sampling time instead the rotor speed. This 
enables to use an encoder instead a speed sensor, 
simplifying the calculations and improving the system 
robustness. 
 Once a high quality spectrogram of transient stator 
current is obtained, a low computational cost algorithm is 
proposed, which performs a re-scaling of the transient 
current spectrograms using the generalized harmonic order 
as independent variable; it is demonstrated that in the re-
scaled spectrogram (HOTA spectrogram), the signature of 
every type of fault is unique, and does not depend on the 
way in which the load, the slip or the supply conditions vary 
along time. Besides, a simple procedure is introduced, which 
enables to transform these re-scaled spectrogram into 𝑥-𝑦  
graphs, where every fault component is characterized by a 
peak, with an 𝑥 coordinate equal to its harmonic order, and 
with an amplitude equal to its average energy along time. In 
this way, –as in [25]– the proposed method highlights the 
presence/absence of a given fault in a simple and clear way, 
enables to assess the severity of the fault, and also enables a 
complete characterization of the fault patterns, using a very 
reduced dataset. But it is noticeable that unlike [25], these 
goals are achieved with IMs working under nonstationary 
conditions 
The structure of this paper is as follows: In Section II the 
proposed method is theoretically explained. Section III 
explains the practical procedure for applying the transient 
HOTA method to detect rotor asymmetries. I n  Section IV it 
is experimentally validated in a laboratory test bench using 
commercial motors with broken bar faults, working under a 
wide variety of varying supply frequencies and loads and 
including a sensitivity analysis, for evaluating the ability of 
the proposed approach to assess the degree of severity of the 
faults. Finally, Section V summarizes the conclusions of this 
work. 
II. HARMONIC ORDER TRACKING ANALYSIS OF INDUCTION 
MOTORS FAULTS IN NONSTATIONARY REGIME 
 Conceptual basis 
The proposed method relies on the fact that all the fault 
equations of Table I have a common element, the parameter 
𝑘, which characterizes the fault components when a specific 
kind of fault arises. For a given fault component, this 
parameter takes an integer value, which does not change 
even if the supply frequency, the load or its own frequency 
vary on time. A direct interpretation of 𝑘 is that it is a 
parameter that gives the frequency of a fault component in 
per unit of the frequency of the principal fault component of 
the series 
 
                                           𝑘 =
𝑓𝑓
𝑓1
  .                                             (1) 
 
For a given type of fault, 𝑘 has integer values (𝑘 ∈ ℤ). 
Moreover, a more general interpretation of 𝑘 can be given, 
considering these integer values as a subset of a real 
quantity 𝛫 (𝑘 ⊂ K, K ∈ ℝ); in this way, any frequency in 
the current spectrogram can be characterized by a value of 
𝛫, which can be taken as a new variable (generalized 
harmonic order), obtained by solving in 𝑘 the linear 
relationships of Table I, column 2, 
𝑓 = 𝑓1 + 𝐾 · 𝑓𝑓1   (𝐾 ∈ ℝ) ⟹ 𝑓
𝑘 = 𝛫 =
𝑓 − 𝑓1
𝑓𝑓1
.           (2)  
 
That is, a new scale of non-dimensional frequencies that 
replaces the frequency axis, 𝑓𝑘 = Κ , is obtained by a 
translation of the origin of frequencies to the supply 
frequency, and a subsequent normalization, dividing by the 
frequency of the principal fault component of the analyzed 
fault. 
It is noticeable that, if a spectrum or spectrogram of the 
current is plotted using the new transformed frequency 𝑓𝑘, 
instead of the absolute value of frequency 𝑓, then the 
components related with a given fault will be always 
directly located at the integer values of 𝛫 = 𝑘 Z. 
Moreover, this will happen irrespectively of the value of 
supply frequency, the load or the kind of functioning regime 
(transient or steady state), therefore highlighting the 
presence or absence of faults in a simple and clear way. 
 Mathematical justification 
In this section a mathematical justification of the 
proposed method is given, assuming an ideal IM working in 
nonstationary conditions.  
In an ideal, healthy machine, the stator current can be 
considered as purely sinusoidal, whose frequency depends 
on the changes in the supply frequency  
 








                (3) 
 
In the case of time-varying conditions, a time-frequency 
analysis is required to identify both the mains and the fault 
components along the time. Usually, the spectrogram is the 
tool used for 𝑡-𝑓 analysis. Conceptually, a spectrogram is a 
representation of the distribution of the signals energy along 
the 𝑡-𝑓 plane, using a 2D colored plot. As commented in the 
introduction, there are many techniques for obtaining the 
spectrogram of a signal. Actually, these techniques are 
applied to sampled signals, using numerical methods, and 
considering that the signal remains quasi-stationary under an 
analyzing window of length Δ𝑡. It is obvious that a reliable 
diagnostic requires a suitable 𝑡-𝑓 resolution. Thus, it is 
mandatory to choose a time interval Δ𝑡 small enough, so that 
the changes in the signal parameters are negligible during 
each time interval. Therefore, using such small periods of 
time to compute the current, the signal can be considered as 
stationary inside every small time interval [𝑡𝑖−1, 𝑡𝑖], where 
𝑡𝑖 = 𝑖 ⋅ Δ𝑡, 𝑖 ∈ ℕ, and the current can be modelled as 
 
𝑖healthy(𝑡) = 𝐼𝑚𝑖(𝑡) 𝑐𝑜𝑠(2𝜋𝑓1𝑖 + 𝜓1(𝑖−1)) =
= 𝐼𝑚𝑖(𝑡) 𝑐𝑜𝑠(𝜔1𝑖𝑡 + 𝜓1(𝑖−1)) ,   𝑤𝑖𝑡ℎ  𝑡𝑖−1 ≤ 𝑡 ≤ 𝑡𝑖,        (4)
 
 
where 𝐼𝑚𝑖 ,  𝑓1𝑖 ,  𝜔1𝑖  are the, amplitude, the frequency and 
the pulsation in a specific time interval [𝑡𝑖−1, 𝑡𝑖], and 
𝜓1(𝑖−1) = 𝜔1(𝑖−1)∆𝑡 + 𝜓1(𝑖−2). 
When the IM is in faulty state, a series of new 
components appears in the stator current, giving rise to an 
amplitude modulation of the healthy motor current, with 
frequencies given by Table I, column 1. Therefore, the 
faulty current in the time interval [𝑡𝑖−1, 𝑡𝑖] is given by [27]: 
 
𝑖faulty(𝑡) = [1 + 𝛽𝑓𝑖 𝑐𝑜𝑠(2𝜋𝑓𝑓𝑖𝑡 + 𝜓𝑓(𝑖−1))] ⋅ 𝑖healthy(𝑡) =
= [1 + 𝛽𝑓𝑖 𝑐𝑜𝑠(𝜔𝑓𝑖𝑡 + 𝜓𝑓(𝑖−1))] ⋅ 𝐼𝑚𝑖 𝑐𝑜𝑠(𝜔1𝑖𝑡 + 𝜓1(𝑖−1))
  with 𝑡𝑖−1 ≤ 𝑡 ≤ 𝑡𝑖  ,                                                                   (5)
 
 
where 𝐼𝑓𝑖  is the amplitude of the fault component and  𝛽𝑓𝑖 =
𝐼𝑓𝑖 𝐼𝑚𝑖⁄  is the modulation index, both at time 𝑡𝑖. Besides, 
 𝜔𝑓𝑖 = 2𝜋𝑓𝑓𝑖𝑡, and 𝜓𝑓(𝑖−1) = 𝜔𝑓(𝑖−1)Δ𝑡 + 𝜓𝑓(𝑖−2)  
Applying elementary trigonometric relations, the faulty 
current, (5) can be expressed as  
 








𝐼𝑚𝑖𝑓𝑖 𝑐𝑜𝑠 ((𝜔1𝑖 − 𝜔𝑓𝑖)𝑡 + 𝜓1(𝑖−1) − 𝜓𝑓(𝑖−1)) 
with 𝑡𝑖−1 ≤ 𝑡 ≤ 𝑡𝑖 .                                                                  (6)
 
 
The second and the third terms of (6) are the fault 
components, which, for a given time 𝑡𝑖 will produce high 
energy concentration in the spectrogram at the points 
[𝑡𝑖, 𝑓1𝑖 + 𝑓𝑓𝑖], [𝑡𝑖, 𝑓1𝑖 − 𝑓𝑓𝑖]. As nonstationary regime is 
assumed, the patterns produced in the 𝑡-𝑓 plane by the fault 
components are unpredictable, since 𝑓1 and therefore 𝑓𝑓 
(which depends on 𝑓1 and 𝑓𝑟) can vary randomly. 
On the contrary, if the change of scale (2) is applied for 
every time 𝑡𝑖 in the spectrogram, the transformed frequency 
of the fault sideband components (𝑓𝑠𝑏
𝑘 ) becomes a constant 








𝑓1𝑖 − [𝑓1𝑖 − 𝑘𝑓𝑓1𝑖]
𝑓𝑓1𝑖
= 𝑘 ∈ ℤ.       (7) 
 
Therefore, the patterns of the fault components in the re-
scaled spectrogram are horizontal straight lines, which 
intercept the vertical axis at integer numbers 𝑘, even under 
nonstationary working conditions. 
III. APPLICATION OF HARMONIC ORDER TRACKING 
ANALYSIS TO THE DETECTION OF ROTOR ASYMMETRIES IN 
NONSTATIONARY CONDITIONS 
The theoretical justification of HOTA given in the 
previous section is valid for all the faults cited in Table I; 
however, the diagnostic reliability is directly related to 
quality of the spectrogram on which (2) is applied; thus, it is 
advisable to apply some kind of pre-treatment to the 
transient current signal for optimizing this spectrogram. This 
pre-treatment depends on the characteristics of the searched 
fault components and, consequently, on the type of faults to 
be diagnosed. 
This section explains the practical procedure for applying 
HOTA to the diagnosis of rotor asymmetries in 
nonstationary conditions; a specific pre-treatment of the 
signal for this kind of fault is introduced. This section also 
introduces two graphical tools designated as “Averaged 
HOTA Spectrum” (AHS) and “Condensed HOTA 
Spectrum” (CHS), which are easily derived from the HOTA 
spectrogram. They are very helpful for making a reliable 
diagnostic decision, for quantification of the severity of the 
fault and for saving resources in the storage and 
transmission of the fault information. Unlike the pre-
treatment procedure, the method for obtaining the AHS and 
CHS, as well as the shape of these graphs, does not depend 
on the type of the analyzed fault. Fig. 1 summarizes the 
proposed practical procedure for applica-tion of HOTA to 





Fig. 1.  Scheme for application of HOTA to detection of rotor asymmetries 
in nonstationary conditions. 
 
For better illustrating the proposed method, several 
experimental graphs obtained from a test of an IM with one 
rotor broken bar, supplied through a commercial variable 
speed drive (VSD), shown in Fig. 2, will be used. All the 
details of the test are given in Section IV (Table II, test b). 
During this test the frequency supply was cyclically changed 
between 45 and 50 Hz every 10 seconds, while the load 
remained constant. Hence, both frequency and slip 
continuously changed, giving rise to nonstationary 
conditions. Fig. 2(a) shows the line current during this test.  
 
 
Fig. 2.  Example of application of the proposed diagnostic method to an IM 
with a broken bar. (a) Stator current. (b) Conventional Fourier spectrum of 
the current in the stator frame. (c) Spectrogram of the current in the stator 
frame along the time. (d) Stator current in the rotor frame. (e) Spectrogram 
of the current in the rotor frame. (f) HOTA spectrogram (re-scaled 
spectrogram) calculated from Fig. 2(e). (g) Averaged HOTA spectrum. (h) 
Condensed HOTA spectrum. 
A. Signals sampling
•One stator phase current.
•Rotor position or speed.
B. Current pre-treatment
•Expressing the stator current in the rotor 
reference frame.
C. Obtaining the conventional spectrogram
•Time-frequency analysis of the stator 
current, expressed in the rotor reference 
frame, through the Gabor transform.
D. Obtaining the HOTA spectrogram
•Re-scaling of the conventional spectrogram 
through the HOTA transform..
E. Post-processing of the HOTA spectrogram
•Averaged HOTA spectrum (AHS).
•Condensed  HOTA spectrum (CHS).
 
Fig. 2(b) shows the spectrum of the current using the 
conventional FFT (MCSA), where, as it can be seen, neither 
the frequency supply nor the fault components can be 
identified. Moreover, the mains component evolution hides 
the fault components. So, TMCSA methods are required.  
A detailed explanation of the five blocks (A to E) shown in 
Fig. 1 is given in the next subsections. 
 Signals sampling  
A stator phase current is sampled (Fig. 2(a)), and the rotor 
angular position is measured, either directly (updating the 
rotor position with the pulses of an encoder, for example), or 
by integrating the values of a speed sensor.  
 Current pre-treatment 
The reliability of the diagnosis is directly related with 
the quality of the spectrogram used as the starting point by 
the nonstationary HOTA approach. If the amount of stored 
data, the time interval Δ𝑡, and the analyzed time period T 
are set, then the frequency resolution of the spectrogram 
improves as the maximum frequency of the signal 
decreases.  
An effective method to reduce the frequencies of the 
components of interest of the stator current –in the case of 
diagnosing rotor asymmetries–, consists in expressing the 
stator current in the rotor reference frame. This technique 
leads to a substantial reduction of the frequency of the 
fundamental and fault-related components, while no changes 
are introduced in the intrinsic characteristic of the analyzed 
signal. When the rotor reference frame is used, the 
expression of the stator current of the ideal faulty machine 
(6) becomes, as deduced in Annex B, 
𝑖𝑓𝑎𝑢𝑙𝑡𝑦








cos (( 𝑠𝑖𝜔1𝑖 − 𝜔𝑓𝑖)𝑡 + 𝜓1(𝑖−1) − 𝜙𝑟𝑜𝑡(𝑖−1) − 𝜓𝑓(𝑖−1))
 with  𝑡𝑖−1 ≤ 𝑡 ≤ 𝑡𝑖 .                 (8)
 
 
Expression (8) shows that, when the rotor frame is used, 
the fault components also appear as sidebands, separated by 
the same frequency (±𝑓𝑓) from the fundamental component, 
but with a frequency substantially lower than in the stator 
reference frame (since 𝑠𝑖 ≪ 1). Thus for the same compu-
tational cost, a spectrogram based on (8) allows for a clearer 
identification of the fault components than that based on 
(6). 
The practical procedure for obtaining the stator current in 
the rotor reference frame involves the following steps: 
 Generating a rotating phasor from the tested stator 
currents. The rotating phasor can be built in different 
ways, such as using the Park transform or using the 
Hilbert Transform (ℋ𝒯). Park’s transform needs to 
measure the three stator phase currents while the ℋ𝒯 
just needs to measure a single one. Hence, in this work, 
the ℋ𝒯 is used due to its lower software and hardware 
requirements. As explained in [28], the current phasor 
(or analytic signal) is obtained as a phasor in which the 
real part equals the phase current, and whose imaginary 
part is the ℋ𝒯 of the same current 
 
        𝐼(𝑡) = [𝑖(𝑡) + ⅉ ⋅ ℋ𝒯(𝑖(𝑡))],                    (9)  
 
where ℋ𝒯 (·) denotes the Hilbert transform of (·). 
 Characterizing the relative position of the stator polar 
axis related to rotor reference frame; this can be done 
through the unit phasor ?⃗?𝑟𝑜𝑡(𝑡), which can be either 
directly obtained from a encoder signal or integrating 
the speed signal supplied by a speed sensor,  
 
               𝜙⃗⃗⃗⃗ 𝑟𝑜𝑡(𝑡) = 𝑒
ⅉ𝜙𝑟𝑜𝑡(𝑡) = 𝑒ⅉ(𝑝𝜔𝑟𝑖𝑡+𝜙𝑟𝑜𝑡 (𝑖−1))
  with  𝑡𝑖−1 < 𝑡 ≤ 𝑡𝑖  ,
             (10)
 
 
where 𝜙𝑟𝑜𝑡(𝑡) is the angular position of the rotor (in 
electrical radians), related to the stator polar axis at 
time 𝑡, 𝜔𝑟𝑖 = 2𝜋𝑓𝑟𝑖 is the mechanical speed of the 
rotor, in rad · s−1, 𝑝 is the number of pole pairs, 𝑠𝑖 the 
slip, and it holds that 𝜙𝑟𝑜𝑡(𝑖−1) = 𝑝𝜔𝑟(𝑖−1)∆𝑡 +
𝜙𝑟𝑜𝑡(𝑖−2). 𝜙𝑟𝑜𝑡(𝑡) can be obtained by direct 
measurement, using an encoder or a resolver, or 
indirectly recording the speed at each small period of 
time that is analyzed. 
 Obtaining the stator current in rotor coordinates, 𝑖𝑟(𝑡), 
as the real part of the current phasor in rotor 
coordinates, that is, projecting this phasor onto the rotor 
reference axis 
            𝑖𝑟(𝑡) = 𝑅𝑒[𝐼𝑟(𝑡)] = 𝑅𝑒[𝐼(𝑡) × ?⃗?𝑟𝑜𝑡(𝑡)
∗], (11)  
where the superscript * stands for the complex 
conjugate. 
  Obtaining the spectrogram of the stator current 
expressed in the rotor reference frame 
The spectrogram of the stator current in the rotor 
reference frame can be calculated through any suitable 𝑡-𝑓 
analysis method. Among the different available techniques 
that were commented in Section I, in this paper the Gabor 
transform, as introduced in [17], has been selected, since “it 
allows for the generation of a very high resolution image of 
the trajectory of the fault components, with the highest 
concentration in the time–frequency domain” [17].  
Fig. 2(c) displays the 𝑡-𝑓 analysis of the stator current 
expressed in the stator reference frame. The mains 
component clearly appears oscillating between 45 and 50 
Hz. Nevertheless, it is arduous to identify fault components 
in this representation. On the contrary, Fig. 2(e) shows the 
spectrogram through Gabor 𝑡-𝑓 analysis of the stator current 
expressed in the rotor frame (which is plotted in Fig. 2(d)). 
As it can be seen, the spectral line of the main component is 
thinner and is less oscillatory than in the stator frame (Fig. 
2(c)). Moreover, other spectral lines clearly appear in Fig. 
2(e), although it is not possible to assure if they are due to a 
fault or not, without a further analysis. 
 Obtaining the re-scaled spectrogram through the HOTA 
transform (HOTA spectrogram) 
Once the spectrogram of (11) is calculated through the 
Gabor transform (or any other suitable 𝑡-𝑓 transform), the 
next step of HOTA is to re-scale the frequency axis in terms 
of the transformed frequency 𝑓𝑘 for every time 𝑡𝑖 in the 
spectrogram. Particularizing for the rotor asymmetry fault, 
and using rotor coordinates in (2), the frequency scale 
transform is defined by  
 
















,          (12) 
 
where the superscript 𝑟 denotes rotor coordinate. For 
calculating (12) it is necessary to know the frequency of the 
fundamental component of the stator current in the rotor 
reference frame at time 𝑡𝑖, 𝑓1𝑖
𝑟 . This value is obtained 
directly from the spectrogram, as the frequency 
corresponding to the maximum energy at time 𝑡𝑖.  
When this transform is applied to a sideband component, 
the transformed frequency equals to an integer 𝑘, also when 
the rotor reference frame is used: 
 














= 𝑘 ∈ ℤ.                (13)
 
 
Fig. 2(f) shows the re-scaled spectrogram (or HOTA 
spectrogram). It is remarkable that the fluctuating 
components of the conventional spectrogram become 
horizontal straight lines, which intercept the vertical axis at 
integer values of the transformed frequencies. This fact 
proves that the detected components are fault components 
produced by a rotor asymmetry. This set of horizontal lines 
constitutes a very reliable and easy to identify pattern 
specifically related to the fault, which avoids the 
dependence on the variations of the supply frequency, load 
conditions or speed, thus enabling for a reliable diagnosis, 
regardless the functioning conditions of the machine. 
 Post-processing the HOTA spectrogram 
The HOTA pattern related to the fault is reliable and can 
be detected even for not skilled staff; nevertheless, it is 
difficult to assess the severity of the fault, directly from the 
observation of this pattern. On the other hand, a high 
resolution spectrogram, as those depicted in Fig. 2(e) and 
Fig. 2(f), consists of a huge amount of data. Actually, the 
spectrogram is the graphic representation of an array where 
the element 𝐴𝑖ⅉ is the energy of the signal component of 
frequency 𝑓ⅉ at time 𝑡𝑖. This array has dimensions 𝑚 × 𝑛, 
where 𝑚 is the number of discrete frequencies represented 
at the spectrogram and 𝑛 is the number of time intervals. For 
instance, the spectrogram of Fig. 2(f) contains 107 elements, 
stored as real numbers. Such a large file size is a drawback 
for creating historical registers and for transmitting the data 
to a remote monitoring center.  
All these issues are fixed by simply post-processing the 
HOTA spectrogram for obtaining two new simplified graphs 
designated as “Averaged HOTA Spectrum” (Fig. 2(e)) and 
“Condensed HOTA Spectrum” (Fig. 2(f)). 
 
1) The Averaged HOTA Spectrum.  
 It is an 𝑥-𝑦 graph, which plots the average value along 
the sampling period of the signal energy at the transformed 
frequency 𝑓ⅉ
𝑘, against this same frequency, 





∑ 𝐴𝑖ⅉ  
𝑛
𝑖=1
,                    (14)  
 
where 𝐴𝑖ⅉ is the signal energy at time 𝑡𝑖  and transformed 
frequency 𝑓ⅉ
𝑘, and 𝐴ⅉ  is the value of the AHS for this 
frequency. 
Fig. 2(g) shows the AHS of the HOTA spectrogram 
shown in Fig. 2(f), and highlights the power of this method. 
Formally, this graph is similar to those used in MCSA but 
using the generalized harmonic order instead the frequency 
as independent variable. But in the HOTA spectrum the 
fault components are placed exactly at the integer values of 
the transformed frequency scale, making easier the 
interpretation of this graph.  
It is noticeable that, for the integer values of the 
transformed frequency in the horizontal axis, the graph 
returns the average of the energy of the corresponding fault 
components throughout the different operating conditions 
that occur during the sampling time of the current signal. 
These average values are similar to those calculated through 
conventional MCSA, and enable for quantification of the 
severity of the faults. Also, the set of values corresponding 
integer values of 𝑓𝑘 is suitable to be used in advanced 
artificial intelligence (AI) systems [29], [30], neural 
networks [31], [32], and support vector machines [33], [34], 
improving its reliability and reducing the training effort, or 
used as diagnostic tool by low cost online devices [35] or 
wireless sensors [36]. 
 Finally, it is remarkable that the file size of the AHS has 
been drastically reduced regarding the HOTA spectrogram; 
the AHS consists of m real data values, that is, the number of 
calculated discrete frequencies, (𝑚 = 2000 data values in 
the case of Fig. 2(g)), instead of the 𝑚 × 𝑛 =107 real data 
values in the case of Fig. 2(f). This means a reduction of four 
orders of magnitude in the memory requirements.  
 
2)  The Condensed HOTA Spectrum. 
The Condensed HOTA Spectrum (CHS), depicted in Fig. 
2(h), is a bar diagram which is built keeping only the values 
of the AHS of Fig. 2(g) corresponding to the integer values 
of the generalized harmonic order 𝛫. Intermediate values 
have been also included as references, for facilitating the 
interpretation of the graph. This graph has just 13 values, 
but contains the same information about the fault than the 
full length AHS, which has been built using a total number 
of 2000 values. In this way, from a diagnostic point of view, 
it is only necessary to store, analyze and/or transmit a single 
vector of 13 values to assess the motor condition, 
irrespectively of the sampling frequency, the supply 
frequency, the load or the machine working conditions. This 
fact facilitates again the use of low power/low memory 
devices and low capacity transmission channels. 
IV. EXPERIMENTAL VALIDATION OF THE PROPOSED 
METHOD 
The tests for validating the proposed method have been 
performed using a commercial IM with an artificially forced 
broken bar (Fig. 3). The IM is mounted in a test bench that 
can reproduce a wide range of working conditions. In this 
section the main characteristics of the test bench and its 
main components are described. Moreover, the experimental 
tests are depicted and the results are shown and commented. 
 
Fig. 3.  Rotor of the tested motor with a forced broken bar fault. 
 Test bench 
The test bench is shown in Fig. 4. The IM characteristics 
are given in Appendix A (machine type II). It is fed through 
a VSD, model ABB ACS800-01-0005-3+E200+L503, used 
both in scalar and direct torque control (DTC) modes. A 
permanent magnet synchronous machine (PMSM), whose 
main characteristics are given in Appendix A (machine type 
I), is used as mechanical load. It is controlled by a servo 
driver, model ABB ACSM1-04AS-024A-4+L516. The 
servo driver is equipped with a module (FEN21), which 
outputs an electronically generated software encoder signal 
with a resolution (programmable) of 720 pulses/revolution. 
The rotor position has been computed using this signal. 
The test bench has been automated using a programmable 
logic controller (PLC), model ABB PM583 ETH, and a 
SCADA program. The automation allows to perform the 
tests in an autonomous way, and makes it possible to 
reproduce the same test with different IMs, in order to enable 
a comparative study of the results. The stator current has 
been measured using a current clamp (20 A, 0-10 kHz, 1 
A/100 mV, precision class 2). This clamp has been 
connected to a digital oscilloscope, model Yokogawa 
DL750, using an analog voltage input module (ref. 701250, 
10 MS, 12 bits). The pulses generated by the VSD software 
encoder unit are sampled with an input module of the 
oscilloscope (ref. 701280). A sampling rate of 100 kHz has 
been used to properly capture the encoder pulses and to avoid 
the use of anti-aliasing filters; the current signal has been 
sampled during 100 seconds in each test. Thus, a total 
number of 107 samples per test have been captured. 
 
 
Fig. 4.  Test bench components and scheme of connections. 
 Experimental Tests 
The IM motor with a broken bar fault has been tested 
covering five nonstationary scenarios, summarized in Table 
II. These scenarios are characterized by the following 
parameters: 
 The control method in the VSD (scalar or DTC). 
 The supply frequency (𝑓1). In two tests the frequency 
has remained constant, at levels of 25 and 50 Hz. On the 
contrary, in the other three tests an oscillating frequency 
with ramps of 10 seconds has been used, changing its 
values between 20-25 Hz, 45-50 Hz and 40-50 Hz. 
 The type of load. As in the case of the supply frequency, 
in two tests the load level has remained constant at 
levels of 50% and 70% of rated load. In the other three 
tests the load has been changed with ramps of 10 















(a) Scalar Constant 70% Ramps 20-25 
(b) Scalar Constant 50% Ramps 45-50 
(c) DTC Ramps 25-70% Constant 25 
(d) DTC Ramps 25-75% Constant 50 
(e) Scalar Ramps 50-100% Ramps 40-50 
 
Fig. 5 shows the results of a conventional 𝑡-𝑓 analysis 
(Gabor analysis), applied to the currents measured in the 
five tests described in Table II. In these graphs, the supply 
frequency is clearly visible. Moreover, other components 
appear as sidebands close to the mains component. To decide 
if these lines are due to the broken bar fault, the theoretical 
frequencies must be computed for each small time interval. 
Hence, to diagnose the motor, a very precise determination 
of the supply frequency (which can be obtained in the 
spectrogram, as the frequency corresponding to the 
maximum energy for each time 𝑡𝑖), and of the rotor speed 
(which cannot be obtained from the spectrogram), are 
needed. A slight error in  the  computation  of  the  position  
of  the  fault  harmonics (due for example to imprecisions in 
measuring the speed), can mislead the diagnosis. These 
problems are even worse for higher order harmonics, with 
|𝑘| > 1 , because in these cases the errors in the speed 
measurement are multiplied by the harmonic order. In 
addition, a large number of calculations is required to obtain 
the frequency of the fault sideband in each small range of 
time. After that, a comparative study between each spectral 
line evolution and the theoretical calculations would reveal 
the presence or absence of faults. 
The proposed approach is aimed to fix these issues. 
Following the scheme of Fig. 1, the stator currents are 
obtained in the rotor frame (Fig. 1, block B). Afterwards, the 
time frequency analysis through the Gabor transform of these 
signals (Fig. 1, block C) is performed. Fig. 6 shows the 
spectrograms of the stator currents in the rotor frame for the 
five tests described in Table II. Comparing figures 5 and 6 it 
is noticeable that when rotor reference frame is used, the 
main component is less oscillatory than in the stator frame, 
due to the fact that VSD works at near constant slip. 
The next step of the proposed approach (Fig. 1, block D) 
consists in representing the time-frequency analysis as time-  
generalized harmonic order analysis (HOTA spectrogram), 
as shown in Fig. 7. This is done by applying the change of 
scale given by (12) to the spectrograms of Fig. 6. Figure 7 
shows the HOTA spectrograms of the stator current of the 
tested IM with a broken bar, in the rotor reference frame.  
The five HOTA spectrograms of Fig. 7 correspond to the 
five testing conditions described in Table II. In all cases, the 
HOTA spectrogram displays the information about the fault 
in a clear and extremely simple way. It is shown that the 
spectral line of the mains component remains at the harmonic 
order 𝛫 = 0. The spectral lines due to rotor broken bar fault 
are straight horizontal lines and appear at integer harmonic 
orders 𝛫 =  𝑘 = ±1, ±2, ±3. This results in a representation 
which highlights the presence or absence of a fault and it is 
clear and easy to interpret. 
Moreover, it is possible to quantify the diagnostic 
information contained in the spectrograms of Fig. 7, and to 
obtain a spectrum as in steady state, by calculating the 
average of the amplitudes for every value of 𝛫 along the 
time, as in Fig. 8. The fault harmonics in the averaged 
harmonic order spectra are located exactly at the integer 
harmonic orders values regardless of the working conditions 
of the motor. This kind of diagram is clearer and easier to 
interpret than conventional spectrograms. Besides, not only 
the upper and lower sideband harmonic components (USH 




Fig. 5.  Gabor analysis of the stator current (in the stator reference frame) of 
an IM with a broken bar, under the test conditions described in table II: a) 
Scalar control, constant load (70%), variable frequency (20-25 Hz); b) 
Scalar control, constant load (50%), variable frequency (45-50 Hz); c) 
DTC, variable load (25-70%), constant frequency (25 Hz); d) DTC, 
variable load (25-75%), constant frequency (50 Hz); e) Scalar control, 
variable load (50-100%) variable frequency (40-50 Hz). 
fault components with higher order numbers, which 
improves the diagnosis reliability. 
As an additional advantage, from the point of view of the 
diagnostic process, the only values that are needed to assess 
the motor condition are the values of the AHS at the integer 
values of the generalized harmonic order 𝛫. In this way, the 
AHS of Fig. 8 can be reduced to just a few values. 
Fig. 9 summarizes the condensed HOTA spectra 
corresponding to the AHS plotted in Fig. 8. Each of these 
CHS consists of just 13 values (six averaged amplitudes at 
integer harmonic orders directly related to the fault, and 
seven amplitudes corresponding to intermediate values of 𝛫 
plotted as reference values). It is noticeable that, as the 
harmonic order of the fault components remains constant for 
any working condition of the motor and for any regime 
(steady or nonstationary), the different five condensed 
spectra resulting of the testing conditions specified in Table 
II can be superimposed in a single plot, shown in Fig. 9. This 
figure shows that the fault information can be always 
identified at the same position of the harmonic order axis, 
irrespective of the motor working conditions, the supply 
frequency and the operating state, which simplifies the 
process of evaluating the HOTA spectrum in the search of 
fault signatures. 
It is also remarkable that, although the requirements for 
data storage or data transmission of the condensed spectra 




Fig. 6.  Gabor analysis of the stator current (in the rotor reference frame) of 
an IM with a broken bar, under the test conditions described in table II: a) 
Scalar control, constant load (70%), variable frequency (20-25 Hz); b) 
Scalar control, constant load (50%), variable frequency (45-50 Hz); c) 
DTC, variable load (25-70%), constant frequency (25Hz); d) DTC, variable 
load (25-75%), constant frequency (50 Hz); e) Scalar control, variable load 
(50-100%) variable frequency (40-50 Hz). 
 
 
Fig. 7.  HOTA spectrograms of the stator current (in the rotor reference 
frame) of a IM with a broken bar, under the test conditions described in 
table II: a) Scalar control, constant load (70%), variable frequency (20-25 
Hz); b) Scalar control, constant load (50%), variable frequency (45-50 Hz); 
c) DTC, variable load (25-70%), constant frequency (25Hz); d) DTC, 
variable load (25-75%), constant frequency (50 Hz); e) Scalar control, 
variable load (50-100%) variable frequency (40-50 Hz). 
 
of conventional  𝑡-𝑓 tools, the characterization of the fault is 
even clearer. These facts constitute clear advantages for 
making a diagnostic decision by non-skilled staff or by AI 
based automated diagnostic systems, for elaborating 
historical registers or for data transmission in remote 
monitored systems. 
 Sensitivity analysis 
In this subsection, the transient HOTA method is applied 
to an induction cage machine tested under three different 
fault conditions, in order to verify the ability of the method 
for assess the degree of severity of the fault. The tests were 
carried out using the test rig described in section IV, but 
using a different cage motor, rated 1.1 kW and with two 
pole pairs, whose characteristics are detailed in Appendix I 
(Machine Type 3). The tests were performed using one 
stator and three different rotors, Rotor A in healthy 
condition, Rotor B with one broken bar and Rotor C with 
two consecutive broken bars. In this series of tests, the IM 
was supplied through a VSD with scalar control. The load 
was keep constant during the test (70%) while the supply 
frequency cyclically changed between 40 and 50Hz, as is 
shown in Fig.10(a). Accordingly, the rotor speed also 
suffered cyclic variations. Figure 10(b) shows the measured 
evolution of the speed during the tests. The variable 
frequency profile was programmed in the PLC that controls 
the test bench, in such a  way that  all  the  tests  series  were 
 
 
Fig. 8.  Averaged HOTA spectra, corresponding to the harmonic order 
spectrograms depicted in Fig. 7: a) Scalar control, constant load (70%), 
variable frequency (20-25 Hz); b) Scalar control, constant load (50%), 
variable frequency (45-50 Hz); c) DTC, variable load (25-70%), constant 
frequency (25Hz); d) DTC, variable load (25-75%), constant frequency (50 




Fig. 9.  Superposition in a single plot of the condensed HOTA spectra of 
the currents in the five tests of Table II. 
 
carried out under the same non-stationary conditions. Once 
the tests with Rotor A, B, C were performed, the measured 
stator currents were processed following the scheme of 
Fig. 1, obtaining finally the averaged HOTA spectra shown 
in Fig. 11, that correspond to the three tested rotors. These 
spectra have been superimposed for comparison; in the 
spectrum of the Rotor A it can be clearly seen two peaks at 
K=-1 and K=1, with amplitudes around -55 dB, which 
correspond to the LSH and USH in healthy condition and 
inform about the inherent degree of asymmetry of the rotor. 
It is noticeable that the principal fault components, LSH and 
USH, placed always exactly at k=-1 and k=1 respectively 
increases more than 18 dB after the first breakage and 
approximately 6 additional dB after the second breakage. 
These values are coherent with those found in the technical 
literature for the LSH amplitude in steady state conditions 
[37]. An increase of 6 dB for the second bar breakage means 
that the amplitude of LSH is doubled regarding the case of a 
simple breakage. This result is very near to the theoretical 
ratio of 1.8 between LSH amplitudes in the case of double 
and a single breakage, calculated as in [38], for a machine 




Fig. 10.  Evolution of the supply frequency and speed during the sensibility 
tests. 
 
Fig. 11.  Averaged HOTA spectrum obtained for the tests of machine type 
3, under non stationary conditions shown in Fig.10, for three fault 
conditions: Healthy, one broken bar, two consecutive broken bars.  
V. CONCLUSION 
This paper introduces a methodology for improving the 
diagnosis of faults in IMs working under nonstationary 
conditions. The proposed method relies in a low 
computational cost transform, which re-scales the frequency 
axis of the spectrograms resulting from time-frequency 
analysis, which are commonly used for diagnosing electrical 
machines in nonstationary conditions. For this purpose, a 
new variable, designated as “generalized harmonic order” is 
introduced.  
It is demonstrated that the proposed method leads to 
significant advantages regarding to other time-frequency 
approaches described at the technical literature. First, after 
applying the proposed transform, the patterns of the fault 
related components in the re-scaled spectrograms are 
unique, and do not depend on the way in which supply 
frequency, load and rotor speed vary during the testing 
periods. Moreover, these patterns are very simple and easy 
to identify: just horizontal straight lines which intercept the 
transformed frequency axis at integer values. These 
characteristics enable for a reliable diagnosis even for 
nonskilled staff, and simplify the development of 
automatized diagnostic methods based on AI algorithms. 
Second, from the re-scaled spectrogram, two new low 
computational cost diagnostic tools have been introduced: 
the averaged HOTA spectrum and the condensed HOTA 
spectrum. The AHS is an 𝑥-𝑦 graph similar to a 
conventional Fourier spectrum, but with the advantage that 
the peaks representing the fault components are placed 
always at the same position, irrespectively of the functioning 
conditions, and, also, the amplitude of these peaks directly 
give the average energy of the fault components during the 
testing period. The CHS summarizes the relevant 
information about the machine condition in a set of less than 
20 real numbers, unlike the conventional spectrograms, 
whose size frequently amounts to more than 106-107 real 
data values. These tools make more simple and reliable the 
diagnostic decision, enable for an easy quantification of the 
fault severity, and drastically reduce the needs of memory 
for creating historical registers and the needs of bandwidth 
for transmitting the machine condition data in remote 
monitoring systems. 
APPENDIX A 
Machine type I: Permanent magnet synchronous machine. 
Rated characteristics: 𝑃 = 4.9 kW, 𝑓 = 200 Hz, 𝑇 =15.5 Nm, 
𝐼=14.4 A, and 𝑛 = 3000 rpm. 
Machine type II: Three-phase induction motor, star 
connection. Rated characteristics: 𝑃 = 1.5 kW, 𝑓 = 50 Hz, 
𝑈 =400 V, 𝐼=3.25 A, and 𝑛 = 2860 rpm, and cos φ = 0.85. 
Machine type III: Three-phase induction motor, star 
connection. Rated characteristics: 𝑃 = 1.1 kW, 𝑓 = 50 Hz, 
𝑈 =400 V, 𝐼=2.25 A, 𝑛 = 1410 rpm, and cos φ = 0.85, 2 
pole pairs, 28 rotor bars. 
APPENDIX B: EXPRESSION OF THE STATOR FAULTY CURRENT 
IN THE ROTOR REFERENCE FRAME 
The first step is to obtain a rotating space vector from the 
stator currents of the faulty machine. As commented in 
Section III, this will be done through the ℋ𝒯, building the 
analytic signal. Substituting (9) in (12) and applying ℋ𝒯 
properties, as demonstrated in [24],  
 
















𝐼faulty(𝑡) = (1 +
𝛽𝑓𝑖
2
(𝑒ⅉ(𝜔𝑓𝑖𝑡+𝜓𝑓𝑖−1) + 𝑒−ⅉ(𝜔𝑓𝑖 𝑡+𝜓𝑓𝑖−1))) × 
                ×  𝐼𝑚𝑖  𝑒
ⅉ(𝜔1𝑖+𝜓1(𝑖−1)) .                                              (B2) 
(K) 
 
Taking into account that 
                                        𝑝𝜔𝑟𝑖 = (1 − 𝑠𝑖)𝜔1𝑖  ,                           (B3) 
where 𝑠𝑖 is the slip at 𝑡 = 𝑡𝑖  , and substituting (B3) in 
(12), the unit vector ?⃗?𝑟𝑜𝑡(𝑡), which determines the position 
of the rotor reference frame becomes 
    ?⃗?𝑟𝑜𝑡(𝑡) = 𝑒
ⅉ((1−𝑠𝑖)𝜔1𝑖𝑡+𝜙𝑟𝑜𝑡(𝑖−1))  with 𝑡𝑖−1 ≤ 𝑡 ≤ 𝑡𝑖.    (B4) 
The current phasor expressed in the rotor frame is given by 
 
                          𝐼𝑟(𝑡) = 𝐼(𝑡) × ?⃗?𝑟𝑜𝑡(𝑡)
∗,                                  (B5) 
 
so, substituting (B1) and (B4) in (B5) gives 
 
𝐼faulty(𝑡) = (1 +
𝛽𝑓𝑖
2
(𝑒ⅉ(𝜔𝑓𝑖𝑡+𝜓𝑓𝑖−1 ) + 𝑒−ⅉ(𝜔𝑓𝑖 𝑡+𝜓𝑓𝑖−1))) × 
×  𝐼𝑚𝑖  𝑒
ⅉ(𝜔1𝑖+𝜓1(𝑖−1))  × 𝑒−ⅉ(




(𝑒ⅉ(𝜔𝑓𝑖𝑡+𝜓𝑓𝑖−1) + 𝑒−ⅉ(𝜔𝑓𝑖  𝑡+𝜓𝑓𝑖−1))) × 
                ×  𝐼𝑚𝑖  𝑒
ⅉ(𝑠𝑖𝜔1𝑖𝑡+𝜓1(𝑖−1)−𝜙𝑟𝑜𝑡(𝑖−1)),                            (B6) 
 
and, taking the real part of (B6), gives 
 
𝑖𝑓𝑎𝑢𝑙𝑡𝑦
𝑟 (𝑡) = 𝑅𝑒[𝐼faulty
𝑟 (𝑡)] =








cos (( 𝑠𝑖𝜔1𝑖 − 𝜔𝑓𝑖)𝑡 + 𝜓1(𝑖−1) − 𝜙𝑟𝑜𝑡(𝑖−1) − 𝜓𝑓𝑖−1) , 
                                                                                                         (B7)
which is the expression used in (8). 
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